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Abstract 

For a Ci-cofinite vertex algebra V, we give an efficient way to calculate Zhu’s 
algebra A{V) of V with respect to its Ci-generators and relations. We use two 
examples to explain how this method works. 


1 Introduction 

For a vertex algebra V, Zhu’s algebra A(V) is a powerful tool to study its representations 
[T3] . But Zhu’s algebra is hard to calculate directly. For example, in [H [10], representa¬ 
tions of vertex algebras associated with W 3 were studied for different central charges. In 
both papers, the generators of Zhu’s algebras were given and some relations were calcu¬ 
lated. In order to show the relations were enough, the authors used some extra algebraic 
structures to hnd some modules, then compared with the modules of the possible bigger 
algebras and got the Zhu’s algebras. For some other vertex algebras like vertex algebras 
associated to even positive lattices |3], the representations were calculated without using 
Zhu’s algebras at all since it seems very hard to find their Zhu’s algebras. So how can 
we calculate Zhu’s algebra directly? We think that the answer to this question is also 
important to the classification of rational vertex algebras. 

In this paper, we give an method to solve this problem by using Ci-structures of vertex 
algebras. In [7], the authors studied the generating spaces of a vertex algebra V which 
play a role analogous to that of 0 in L{1, 0) [B]. If we pick a homogenous basis • • • , 
of this generating space which is called a generating space of weak PBW type^, we call 
these elements • • • , Ci-generators. In [2], the authors say that the vertex algebra V 
is strongly generated by these elements. In [7|, the authors showed that V is spanned by 

<,■■•<1. (1-1) 

where 1 < ii,--- ,ik < I, k G Zi+, mi < ••• < mk < —1 and if mj = mj+i, then 
ij P "Ij+i- So can be written as the linear combinations of elements in fll.ip . for 
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1 < ^ and m > 0. We call = R{i,j,m) as Ci-relations in [12] where R{i,j,m) 

is linear combinations of elements in fll.ip . Fnrthermore we proved that we can constrnct 
a universal vertex algebra U from some abstract Ci-generators and Ci-relations, here 
nniversal means that any vertex algebra has the same Ci-generators and Ci-relations 
is a qnotient vertex algebra of U. That means that there is another level of relations 
determined by an ideal / of U, i.e. V = U/I. 

We ronghly explain what is Ci-strnctnre. If 1/ is a Ci-cofinite vertex algebra [7|, 
are its Ci-generators, then there are inhnite many operators associated 
with M* for 1 < i < I and m E 1^. Id is jnst the perfect algebraic strnctnre to express the 
relations among these operators. The most important relations are commntators 
Bnt nsnally the commntators conld not be given in the free associative algebra A generated 
by these operators. The commntators conld be given in the complete topological algebra 
A which is stndied in |6| and [7]. The commntator relations are Ci-relations. If we do 
not ask more relations, then we get a nniversal vertex algebra U. And V({U) eqnaling 
A modnlo the commntator relations can be looked as the nniversal enveloping algebra of 
U. Then the category of admissible 17-modules is naturally equivalent to the category of 
Z+-graded W(f/)-modules. 

Since the Ci-relations are commutator relations, naturally we ask whether the Jacobi 
identities 

+ [[uLUnlul] + [[u^, «!],<] = 0 

hold or not in A. If the Jacobi identities holds, then we have a PBW-like basis for U, 
otherwise we don’t. We call the first kind of (7i-relations non-degenerate and the other 
degenerate mm- 

We use Ci-structure to explain Zhu’s algebra theory. (Ti-relations give commutator 
relations among uJn ^md make the space T spanned by them look like a Lie algebra. So 
we can give a ’’triangular” decomposition of T according to the weight of 

T = T_0To0T+, (1.2) 

where T_ is spanned by for 1 < i < / and m > wt u® — 1, Tq is spanned by ul^ for 
I < i < I and m = wt u* — 1, T+ is spanned by for 1 < i < / and m < wt n® — 1. Any 
To-module M which T_ acts trivially on can be induced to a T-module. So ’’universal 
enveloping algebra” of Tq is Zhu’s algebra A{U). If the Ci-relations are non-degenerate, 
then A{U) has a PBW basis. If the Ci-relations are degenerate, then we need to find all 
other relations. For every element v E V, the image of v in AiV) is just v-i which is 
written as a polynomial of 

For the second level of defining relations, i.e. an ideal I of U, we give a procedure to find 
A{I). We can say that even we know the Ci-structure of a vertex algebra V, the calculation 
of Zhu’s algebra AiV) is still complex, but the procedure is quite straightforward, so we 
can use some computer program to do the calculations. 

The paper is organized as following. In section 2 we analyse the Ci-structure of a 
vertex algebra. In section 3, we review Zhu’ algebra theory and give an alternate way 
to do calculation for a Ci-cofinite vertex algebra. In section 4 and 5, we give our main 
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results. Using Diamond Lemma, we give Zhu’s algebra for non-degenerate and degenerate 
cases respectively. And we give two examples to explain our method. 


2 Ci-structure of a vertex algebra 


In this section, we review the abstract structure of a vertex algebra. In this paper we 
use standard notations as dehned in [5l [8] and all vector spaces are over complex held C. 
Since the conformal vector uj does not play any role in this paper, instead vertex operator 
algebras. We use Z+-graded vertex algebras dehned as following: 


Definition 2.1. A Z+-graded vertex algebra V = (U, Y, 1) is a Z+-graded vector space(graded 
by weights) 

U = ^ 14; for n e 14, wtn = n, 


such that 


dim 14 = 1, 

equipped with a linear map Y from V to (EndU)[[ 2 :, z“^]]. 


V Y{v, z) 


'^VnZ 


where G EndU and u^w G for n G U, w G Vj and m G Z; and with a 

distinguished homogenous vector 1 G 14 satisfying the following conditions for u,v G V: 


Y (1, z) = the identity operator on V; 
U(m, 2;)1 G U[[4] and lim U(-u, ^)1 = u; 

z—^O 

and the Jacobi identity: 


^ {v, Z2) - ^ ^2)1^ («) a ) 

= ^ (“> ^o)v, Z 2 ), (2.1) 

where S{z) = Yhn&'L {Z 1 +Z 2 )"' is dehned to be the formal power series 


The dehnition of a vertex algebra is usually thought complex and hard to understand. 
We review the Ci-structure of vertex algebras mm, and we will see that vertex algebras 
are not that difficult. The core of the dehnition, the Jacobi identity is equivalent to the 
following three formulas: 
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1. Commutator formula: 


[Us,Vt] = UsVt - VtUs = 



s+t—m5 


( 2 . 2 ) 


2. Iterate formula: 



; (2.3) 


3. Skew symmetry: 


Y (m, z)v = (u, —z)u, 


(2.4) 


where u,v ^ V and s,t,m,n G Z, D is a linear map from 1/ to C by mapping v to u_ 2 l. 
We use the generators and their relations to see the roles that these formulas play. The 
following results can be found in urn 

Definition 2.2. For a vertex algebra V, set W- Define Ciiy) to be the 

subspace of V linearly spanned by elements of type 


U-iV, U-2I 


for G C+. If V/Ciiy) is finitely dimensional, then we call V Ci-cofinite. 
Proposition 2.3. Let U be a graded subspace ofV such that V+ = U + Ci{y). Then, as 


a vertex algebra, V is generated by U. 

U is called a generating space of weak PBW-type in |I]. If we pick a homogeneous 
basis {u^, u^,- ■ ■}, then V is generated by this set, or V is strongly generated by this set 
in [2]. We have the following definition as in [T2] . 

Definition 2.4. u^, u^, • • •, the homogeneous basis vectors of U, are called Ci-generators. 

Proposition 2.5. For a Ci-cofinite vertex algebra V and Ci-generators u^, - ■ ■ of V, 
then V is linearly spanned by elements 


(2.5) 



where 1 < ii, • • • ,ir < 1; ni <■■■< Hr < 0 and if nj = nj+i, then ij < ij+i- 
With the same notations as the above proposition, for t < i, j <l and fc > 0 


ulu^ = R{i,j, k), 


( 2 . 6 ) 


UP = 


where R{i,j, k) is a linear combination of elements in fl2.5p . Plug the above formula into 
fl2.2p . we get for m, n G Z 



(2.7) 
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Now we define formal length for an element & V as wt + • • • + wt and 

for an operator as wt n*® + • • • + wt n®’’ for 1 < ii, • • • , v < ^ and ni, ■ ■ ■ , G Z. 

For the linear combination, we define the formal length as the maximal one. We can see 
the formal length of left hand side of fl2.6p is bigger than that of right hand side, and 
when applying fl2.3p in fl2.7p the formal length of left hand side of fl2.7p is bigger than that 
of right hand side although the right hand side may have inhnite summands(the formal 
length still makes sense). 

Remark 2.6. For a Ci-cohnite vertex algebras V and its Ci-generators we 

think that the essence of V is the relations of these operators for 1 < i < I and 
m G Z, and the structure of vertex algebras are the right algebraic structure to realize 
these relations which are complex and non-classical. What are these relations? We think 
that the most important relations are commutator relations 

From above argument, we see that R{i,j, k) for 1 < ?, j < / and /c > 0 determine the 
commutator relations of uf and the commutators have smaller formal lengthes. By 
the skew-symmetry fl2.4p . there are some redundances, so we have the following dehnition 
with the same notation above [12]. 

Definition 2.7. For a Ci-cohnite vertex algebra V and its Ci-generators u^, ■ ■ ■ ,m^, we 

call 

ulu^ = R(i,j,k) 

Ci-relations with respect to these generators for l<i<j</,0<fcorl<i=j< 
1,0 < k being odd. 

Remark 2.8. Using skew-svmmetrv fl2.4p . we can get for all 1 < i, j < I and /c > 0, so 
we also call all these = R{i,j, k) as Ci-relations with respect to these Ci-generators. 

For example, the vertex algebra associated to Virasoro algebras[6|, has only one Ci- 
generator u with weight being 2, and Ui-relations are UiU = 2u and oj^oj = |. Using 
skew symmetry fl2.4l) . we can get U 2 UJ = 0 and uqu = uj- 2 ^- 

Remark 2.9. If the Ui-relations R{i,j, k) only contain linear terms like the above exam¬ 
ple, then the space T spanned by for 1 < i < I and m G Z, with commutator relations 
gotten from Ci-relations (12.2p . forms a Lie algebra. The Ci-relations can be realized in 
the free associative algebra A generated by as an ideal C and we get the universal en¬ 
veloping algebra U{T) = A/C. But if the Ci-relations R{i,j, k) contains non-linear terms 
like the examples in section 4 and 5, then T is not a Lie algebra, and the Ui-relations can 
not be realized in ^4. In [6l[7|, the authors introduced a complete topological algebra A as 
follows. Since wt = wt u® — m — 1, so A is a Z-graded algebra and A = 0^^^ A^ where 
Ak is the subspace consisting of the elements of weight k. Set = Ylii<k ^n-iAi, then 
A/^ C A//^^ and = 0, Hence {A//\k G Z} form a fundamental neigh¬ 

borhood system of An. Denote by An its completion; then the direct sum A = ^n&’L^n 
is a complete topological algebra. We can realize the Ui-relations in A i.e. an ideal of A 
generated by [v/^,u{] - Y.k>o (r)^(L J, k) m-\-n—k • 
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We can reverse this process to construct a vertex algebra abstractly [12]. Suppose 
that • • • , are some abstract symbols and each has a positive integer weight denoted 
by wtw*. Then associate m* a series of symbols for m G Z, which also has weight as 
wt = wt M* — m — 1. Let A be the associative algebra generated by for 1 < i < / 
and m G Z, then A is Z-graded. Let B be the associative subalgebra of A generated 
by for 1 < i < / and m < 0, then B is Z+-graded. Let A act on a vacuum vector 
1 freely, we get a Z-graded A-module U by setting the weight of 1 being 0. Let U' be 
the subspace of U which is free B module generated by 1. It is clear U' is Z_|_-graded. 
Now let M* = m!_i 1 and associate m* a vertex operator ^ 

Y{1, z) = id . Then use fl2.3|] . we can associate every monomial m in f7 a vertex operator 
Y{u,z) = , then linearly extend to the whole U. 

Now we can describe Ci-relations for these generators. Let R{i,j,k) be any element 
in U', with weight being wt (m*) -|- wt (u^) — k — 1 for i<j,m>0oTi = jm>0 being 
odd. Then = R{i,j, k) are Ci-relations for our generators. 

Let O be a A-submodule of U generated by Un for n < 0 and for m > 0. Then all 
the operators Um dehned above for m G make sense when acting on U' = U/0. Apply 
the Ci-relations into U'. Let O be A-submodule of U' generated by 


(K 





where w G U',m,n G Z, 1 < i, j < /. Let U = U'/O, we have the following theorem in 

[El. 


Theorem 2.10. U is a vertex algebra with Ci-generators • • • ,v} , satisfying the given 
Ci-relations. 

U is a. universal vertex algebra, i.e. any vertex algebra which has the given Ci- 
generators and Ci-relations must be a quotient of U modulo an ideal I. So I is another 
level of relations which dehne the structure of vertex algebra V with respect to the gen¬ 
erators. 

For the example above, if we start with one Ci-generator u and Ci-relations ujiuj = 2u 
and = |, we will get a universal vertex algebra U. For c = Cp^q = 1 — , where 

p,q E {2,3,4, •••}, the vertex algebra U has an ideal, and we get the minimal sires 
Virasoro vertex algebras^. 

Ci-relations determine the commutator relations among in A or A for 1 < i < I 
and m G Z, and these relations are enough to dehne a universal vertex algebra U. There 
is a natural question, Jacobi identities 

+ [[uLUn],ul] + = 0 ( 2 . 8 ) 

hold or fail? Hence there are two different kinds of Ci-relations, one is non-degenerate if 
Jacobi identities hold, another is degenerate if Jacobi identities fail. 

In section 4 and 5, we will give two more examples of vertex algebras which are 
generated abstractly. 


6 




3 Zhu’s algebra theory 


In this section we review Zhn’s algebra theory and stndy the relation between Zhn’s 
algebra and Ci-structure. Let V = (V, Y, 1) be a Z+-graded vertex algebra. In this 
paper, we only consider admissible IZ-module category. An admissible IZ-module M is a 
Z+-graded vector space 

M = 0 M(n) 


equipped with a linear map 


V (EjidM)[[z-\z]], 

V !-)■ Ym{v,z) = {vn G End M)/or v eV 


satisfying the following conditions for u,v E V,w E M: 


hM(l, z) — 1; 


Zo ^6 Yniu, zi)Ym{v, Z 2 ) - 

= Z2^S yM(y(u, Zo)v, Z 2 )] 


Ym{v,Z2)Ym{u,Zi) 


(3.1) 


UmM(n) Q M{r + n — m — 1), 

for u E Vr- 

Now we review Zhu’s algebra theory [13]. The idea of Zhu’s algebra is to study Mq 
instead of M, since Mq is quite smaller. Let 0{V) denote the linear span of element uov 
where for homogeneous u E V and v E V, 

(1 + “ 

uo V = Res^F (u, z)v- - - -. 

Dehne the linear space A{y) to be the quotient V/0{y). Dehne another product * on F 
for homogeneous u E V and v E V, 

(1 + 

u * V = Res zY{u, z)v- -. (3.2) 

Z 

and extend linearly on F.The multiplication * induces the multiplication on the quotient 
A{y) and is associative in A{y). The image of the vacuum 1 in A{y) becomes the identity 
element. 

Denote by o(a) = Owt a-i for homogeneous a E V and extends to the whole V by 
linearity. For an admissible F-modules M = o(a) preserves Mq and we have the 

following theorems. 
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Theorem 3.1. The identities 

o{a)o{h) = o(a * h) 

and 

o{c) = 0 

hold in End (Mo) for every a,b eV and c G 0{V). Thus, the top level Mq is an AiV)- 
module. 


By above theorem, we can also write the image of a in AiV) as o{a) for a E V. 

Theorem 3.2. There is a one-to-one correspondence between the set of irreducible A{y)- 
modules and the set of irreducible V-modules. 

Proposition 3.3. If I is an ideal of a vertex algebra V, then A{I) the image of I in 
A{y), is a two-sided ideal of A{V), and AfV/I) is isomorphic to AfV)/A{I). 


Zhn’algebra is a qnite powerfnl tool to stndy representations of a vertex algebra, but 
it is very difficulty to calculate from its definition. Now we study the relations between 
Zhu’s algebra and Ci-structures of a Ci-cofinite vertex algebra V with Ci-generators 
■ ■ ■ ,uK A{y) has the same generators as Ci-generators. 

Proposition 3.4. For a Ci-cofinite vertex algebra V and Ci-generators ofV, 

A{y) is generated by o(m^), o(m^), • • • ,o{v}). 


Proof. By Proposition [23], V is spanned by elements where 1 < ii, • • • , v < 

ni <■■■< Ur < 0 and if Uj = nj^i, then ij < ij^i. We can rewrite ■ ■ •uJhl as 


By fl3.2p and Theorem 13.11 


• • • <;!) = o(«\i)-i<2 • • • “XI) 

= o(Res («]) 1, ■ ■ ■ <;l 


(1 + ^) 


wt —ni — 1 


-o(j: 


k>l 


wt — ni — 1 
k 




= o(u" l)o(u“ 

-»(E 

k>l ^ 


= (-l) 


wt +ni 


ni 


k>l 


wt — 1 

k 


o(«po«...<l) 




(3.3) 


The summands of fl3.3p have smaller formal lengths, hence by induction on the formal 
length, we show that AfV) is generated by oipA), • • • , oipf). □ 










For a homogeneous vector u E V, o{u) can be written as sum of products of • • • , 
o{u^) by above proposition. By fl2.3p . o{u) = Uwtu-i can be expanded as sum of products 
of for 1 < i < / and m E Z. Since o{u) acts on Mq, we can omit summands of u^tu-i 
which are 0 when acting on Mq. Clearly, there are only hnitely many summands of u-i 
left. For a summand u^rni'^m 2 ''' then we can switch their orders 

by fl2.2p and Ci-relations. We can keep doing the above procedure until u^tu-i is written 
as sum of products of o(m*). This give another way to calculate the image o{u) of u in 
A{y) which is different to the method of dehnition of AiV). 

By the above proposition, to calculate A{y) becomes hnding all the relations among 
o(m^), • • • , o{v}). In last section, we analyze the relations for the Ci-generators, and divide 
the total relations to two level, the hrst one is Ci-relations which will give a universal 
vertex algebra U, and the second one is some ideal I of U. Hence we hrst calculate A{U), 
then use Proposition 13.31 to calculate A{y). 

Now we roughly introduce our idea to calculate A{U). A representation of U can be 
looked as a representation of for 1 < i < I and m E Z which satisfy Ci-relations. 
Ci-relations can be looked as commutator relations among these operators, and we look 
the space spanned by these operators with their commutator relations as a Lie algebra 
T. Hence like inhnite-dimensional Lie algebras, we can give a triangular decomposition 
of these operator, 

T = T_ ©To ©T+, 

where T_ is spanned by negative weight operators, Tq is spanned by weight 0 operators 
and T+ is spanned by positive weight operators. Like highest weight modules for Lie 
algebras, we can construct a trivial module for T_, then induce it to a module for T_ ©Tq 
and induce it to a module for T. Rigorously in mathematics, we can realize above idea as 
follows. Let A be the free associative algebra generated by for 1 < i < / and m E Z. 
Obviously, A is Z-graded by weights. Now we can construct a free A-module M generated 
by 1. Then M is also Z-graded if we set the weight of 1 as 0. Let N be the submodule 
of M generated by negative weight elements in M, then we get a A-module M = M/N 
which is Z+-graded. Now we apply the Oi-relations in M: 

M = M/R, (3.4) 

where i? is a A-submodule of M generated by ([«)„, — Ylik&+ jy ^)m+n-k)w 

for w E M,m,n E Z,1 < i,j < 1. Since R is homogeneous, M is Z_|_-graded and is an 
admissible [/-module. Now Mq is an A([/)-module, and in our construction of M, we 
do not add any other relations, so Mq is a free A{y) module with only one generator 1, 
and as vector spaces A{y) is isomorphic to Mq. So our question is to describe Mq. We 
will discuss it for degenerate case and non-degenerate case respectively. And we also will 
handle the second relations caused by an ideal of U. 
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4 Non-degenerate Case 

Let y be a Ci-cofinite vertex algebra generated by Ci-generators with 

wtn* > 0. Suppose that wtu* > These generators satisfy Ci-relations = 

R{i,j,m), for 1 < < /,m > 0. Suppose that these relations are non-degenerate, by 

theorem 12.101 we get a universal vertex algebra 17. Id is a quotient vertex algebra of U by 
modulo an ideal I, which is usually generated by some singular vectors. 

In section 2, we give the construction of U. The linear space U' is quite clear and the 
following elements 

<•••<1 + 0 , 

where < 0 and wt < • • > 0 for 1 < j < /c form a basis of U'. Apply the 

Ci-relations into U'. Let O be A-submodule of U' generated by 


(K 





where w & U',m,n E 1^,1 < i, j < 1. U = U'/O. We use Diamond Lemma[T] to get a 
basis of U. 

Let S' be a set of pairs of the form a = (ILT-, fa), where Wa = G A for 0 > m > n, 

or 0 > m = n and i > j, or m > 0 > n, or m, n > 0 and wt u* — m < wt — n, or m, n > 0 

and wtu* - m = wtu^ - n and i > j, and fa = + Z]fcez+ (T)-^(b+ k)m+n-k- For 

any a E S and x,y E A being monomials, let r^ay denote linear morphism of U' that hxes 
all basis elements of U' other than xWa'y'^ + O and sends it to xfayl + O. The map is 
well dehned since the image of O belongs to O. S is called a reduction system, and the 
linear maps r^ay are called reductions. 

We say a reduction r^ay acts trivially on an element a E U' ii the coefficient of xWayl 
in a is zero, and we shall call a irreducible (under S'), if every reduction is trivial on a, i.e., 
if a involves none of the monomials xWayl. The vector space of all irreducible elements 
of U' will be denoted 

Dehne a total ordering of by setting ul^ < uf A 0 > m > n, or 0 > m = n 
and i > j, or m > 0 > n, or m, n > 0 and wtn* — m < wtu-^ — n, or m, n > 0 

and wtn* — m = wtu^ — n and i > j. Let us partially order U' by setting u < v ii 

wt (m) < wt (n) , or if wt {u) = wt (n) and u is of smaller formal length than v, or if u 
is a permutation of the terms of v but has less misorderings with respect to the total 
ordering dehned above. It is obvious that < is a semigroup partial ordering of U' and has 
descending chain condition, i.e. there are only hnitely many base elements < any given 
element. 

For any a E S, fa < Wa, and we say < is compatible with S. Since < has descending 
chain condition and is compatible with S, every element w E U' can be reduced to 
irreducible elements. We shall call an element w E U' hy reduction-unique if it is reduced 
to a common value, and which is denoted by rs{w). 

Now we state the Diamond Lemma for our situation. 
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Lemma 4.1. (Diamond Lemma) 


U = Kr- 

Proof. First we show all elements of IP are reduction-unique under S. It will be sufficient 
to prove all monomials w E IP reduction-unique. Since there is a semigroup partial 
ordering < on IP which is compatible with S, and has descending chain condition, we may 
assume inductively that all monomials < w are reduction-unique. Now if two reductions 
and r^- act nontrivially on w, and r^{w) 7 ^ we will show rsir^^^w)) = rs{rT.{w)). 

There are two different cases, according to the relative places of Wo- and Wr in w. 

Case 1. Wo and Wj- overlap in w. w=xu\ui^u^yl for x,y E A and Wo = IFV = 

uirPi, W^ = uiu’f. rr{r^{ro{w))) = + xfou'fyl)) = rr{xui^u^uiyl + 

xul^f^^yl + xfoulyl) = xu\ul^u\yl +xfru\yl +xu^^f^,yl +xfou'lyl and r^(r^(r^(u;))) = 
- 1 - xPJryl)) = roixu’fuluf^yl + xf^ul^yl + xu^fryl) = xu^ul^ulyl + 
xulfryl + xf^ui^y'^ + xu^foyl. Since Ci-relations are non-degenerate, rr{rfj_{ro{w))) — 
ro{rf^{rr{w))) = 0. By assumption, rr{w) and ro{w) are reduction-unique, so they reduce 
to the same element. 

Case 2. Wo and W^ are disjoint in w. Then w = xWoyWrZl where x,y,z E A. It is 
clear that ro{rT-{w)) = rT-{ro{w)). By assumption, rT-(ta) and ro{w) reduce to the same 
element. 

So we show that all elements of IP are reduction-unique under S. It is clear that 
rs{0) = 0. So U' = Ui,(BO and U ^ U[„. □ 

By the result of na, U is the university vertex algebra. So we have the following 
proposition. A similar result was given in |2]. 

Proposition 4.2. For givenCi-generatorsu^,u^,-■ ■ ,u^ and their Ci-relations R{i,j,m), 
if these Ci-relations are non-degenerate, then there exists a universal vertex algebra U, 
with the following vectors being a basis of U 


where ni > ■ ■ ■ > Uk > 1 and ij < ij^i if Uj = Uj+i. 

Now we calculate Zhu’algebra A{U) of U, it is generated by o(m^), • • • , o(m^) by Propo¬ 
sition 13.41 These generators satisfy the obvious relations coming from the Ci-relations 

k>0 ^ ' 

Hence A{U) is linearly spanned by all elements 

(4.2) 

here k E and 1 < ii < ■ ■ ■ < ik ^ I- In fact these products are linearly independent. 


11 




Proposition 4.3. A{U) has a basis consisting of the above elements. 

Proof. First we construct an admissible [/-module. Use the notations above. iV be a free 
A-module with generator l(here we abuse the symbol 1). Set the weight of 1 to be 0, then 
N is Z-graded A-module and N = Nk- Let N' be the submodule of N generated 

by Nk for fc < 0. Let N = N/N', so is a Z+-graded A-module. Apply Ci-relations into 
N. Let O be A-submodule of N generated by 


([< 





where w & N,m,n E 7^,1 < i,j < 1. Let N = N/O. is a Z_|_-graded A-module,A^ = 
0i>o operator ul^ satisfy Ui-relations. Hence N is an admissible [/-module 

with one generator 1. We can use the Diamond Lemma and the same argument as Lemma 
4.1 to hnd a basis of Nq as following 


u 


h 

wt un-i 


■ ■ - U 


ik 

wt — 


(4.3) 


here k G Z+ and 1 <ii < ■ ■ ■ <ik ^l- 

Since N is an admissible [/-module and generated by 1, Nq is an A([/)-module and 
generated by 1. Hence Nq is a quotient space of A{U), compare fl4.2p and fl4.3l) . we get a 
basis of A{U) consisting of o{N^) ■ ■ ■ o(m*'') 1, where A; G and I < ii < ■ ■ ■ < ik ^ I- □ 

Now we consider A{y). Let V = [/// be a quotient vertex algebra. Usually we 
describe / by giving some singular vectors a^, • • • ,a^ofU, and I is spanned by 


u 


h 

ni 




1 , 


(4.4) 


where 1 < ii, ■ ■ ■ ,ir < < • • • < nr, 1 < J < A; and s > 1. By Proposition 13.31 

A{y) = A{U)/A{I), hence we need to describe A{I). A{U) is generated by o{N) for 
1 < z < Z, which satisfy Ci-relations fl4.ip . Hence we need to hnd the generators of A{I) 
as A([/)’s ideal. 

Lemma 4.4. o{u_rnv) = Xio{u)o{y) + X2o{uqv) + x^oiuiv) + ■ ■ ■ and o(m_s1) = yo{u), 
where u,v E U, m > 0, and Xi, y E C. 

The proof of above lemma is quite easy by the dehnition of Zhu’s algebra or the 
method introduced after Proposition 13.41 By above lemma, we get A{I) as ideal of A{U) 
is generated by 

(4-5) 

where 1 < A, • • • , V < 0 < rzi < • • • < and 1 < j < A;. 

It seems that there are inhnitely many calculations, but by the following example we 
can see that the calculations will stop somewhere and this method is quite efficient. 
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Example 4.5. We consider the vertex algebra related to Zamolodchikov W 3 algebra m, 
which is the simplest example of W-algebras. Let the central charge be —2. In [10], the 
author had studied the representations of this vertex algebra by calculating Zhu’s algebra, 
but he used some extra algebraic structure related to W 3 . Here we only use the abstract 
structure to calculate Zhu’s algebra. The vertex algebra is generated by two (Ti-generators 
u, V with weight of uj being 2 and weight of v being 3. Their Ci-relations are given by the 
following: 


UiU = 2uj, 

U 3 U = - 1 , 

UJoV = V-2l, 

Uiv = 3v, 

8 , 

ViV = -UJ-iU - UJ-3I, 

V 3 V = 2 oj, 

2 

Using skew symmetry formula, we can get 

uqu = a;_2l, 

U 2 UJ = 0, 

8 2 
VoV = -u;_ 2 W - 

V2V = Co'_2l, 


W 3 is the universal vertex algebra generated by u and v. Direct calculations show that 
these Ui-relations are non-degenerate. Its Zhu’s algebra AiW^) is generated by o(uj) and 
o(v), which satisfy the relation 


[0(0;), o(n)] = [ui,V2] = 0 , 


so AiyV^) is the polynomial algebra C[o(a;), o(n)]. 

In [To], the author studied a quotient vertex operator algebra W 3 _2 of W 3 . W 3 has 
an ideal / generated by a singular vector: 


Vs = 2 ^- 1 ^ 


19 8 14 44 

—a;_2a;-2l - -oj-iOJ-iOJ - -f —w.gl, 

3d 9 9 9 


and >V 3,-2 = W 3 //. 

By Lemma im to calculate A{I) we need to calculate • • • VmOJmi ■ ■ ■ vJmkVs), where 
0 < rii < • • • < rz; and 0 < mi < • • • < m^. Since we look A{I) as an ideal of H(>V 3 ), we 
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only need to find the generators of A{I). Now we have one generator o{ys)- uJmVs = 0 for 
m > 2. coiVs = 6vs, so there is no necessity to calculate cuicoiVs and so on, and we do not 
get a new generator of A{I). cooVs = Vs- 2 ^) by Lemma WM we do not get a new generator 
of A{I) and there is no necessity to calculate UqUqVs and so on since by fl2.2p and Lemma 
14.41 these vectors will not give more new generators of A{I). v^Vs = 0 for m > 3. Let 


Vg = + 9a;_2n — 6 a;_in_ 2 l. 


By direct calculations, we get 

98 , 

V2Vs = 

V2v'g = 3QVs. 

So we get a new generator o(n') for A{I). Now we need to handle viVs and viv'^. By direct 
calculations, we have 

49 

Uiu' = 9t>s_2l. 

Hence there is no new generator and we need to handle VqVs and 


VqVs = g^-i< + 

vqv '^ = 12ns_3l — 10(3n_2t'-2l + 8a;_7l — 8a;_5a; — 2a;_3a;_3l — 4a;_4a;_2l — 4a;_2a;_2C<;). 
By Lemma 031 o(voVs) is not a new generator of A(I) and o(voVg) is new. 


vovov's 

=12(^;o^^s)-3l 

+ 10(168r’_8l + 96a;_6n + 32a;_5n_2l + 16a;_4n_3l — 24a;_3n_4l + 32a;_2n-5l 

.o/ N 32 , ^ 80 , , 160 

=12(vo'y,)_3l + + y^- 2 'ys 2 l “ — 

The calculations can stop here. 

By direct calculation, we get 

= \o{vf - ^o(a;) 2 ( 8 o(a;) + 1 ), 

o«) = 0 , 

o{vov[) = -18o(v)^ + ^o(a;)^( 8 o(a;) + 1 ), 

so we get H(>V 3 _ 2 ) = C[o(c<;), o(n)]/ < |o(t>)2 - lo(w)2(8o(c<;) + 1) > . 
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Remark 4.6. For general situations, we want to find the generators of A{I) as ideal of 
A{U). At beginning, we have generators = o{a^), ■ ■ ■ = o{a^), by Lemma [4.41 we 

calculate the element in fld.Sp for r = 1, 2, • • •. For r = 1, if the element can be written as 
U-ng-m^ or their sum, then this element is not a new generator, if not, then we have a new 
generator We keep doing this process until we could not get any new generators. 

We believe that there are only hnite many generators like above example. The process 
looks complex but it is quite straightforward and efficient. 


5 Degenerate Case 


In this section, we deal with degenerate cases. We use the same notations as last sec¬ 
tion. Let V he a. (Fi-cohnite vertex algebra generated by Ci-generators - ■ ■ ,u^ with 

wtM* > 0. These generators satisfy Ci-relations = R{i,j,m), for 1 < i,j < l,m > 0. 
Suppose that these relations are degenerate, by theorem 12.101 we get a universal vertex 
algebra U. V is a quotient vertex algebra of U by modulo an ideal I, which is usually 
generated by some singular vectors. 

Since (Fi-relations are degenerate and Jacobi identities fl2.8p fail, U does not have a 
PBW basis like non-degenerate case fl2.5p . We hrst analyze the linear relations among 
these vectors. We still use the reduction system. There are maybe two ways to reduce an 
element u G U', and • • •r.ri('w), to irreducible elements in U', and their 

difference ■ ■ 'fai {u) — • • • ’"n (w) will give a linear relation in It is clear that all 

the linear relations in are caused by the failure of the uniqueness of reduction. We 
will show that all the linear relations in can be written as linear combinations of any 
irreducible images of the following element in U' under reductions 




(5.1) 


where l<i,j,k<l,s,m,n^X and x,y & A. 

Since U' is homogeneous and any reduction keeps the weight, we only need to consider 
the homogenous u G U' . If two reductions r„ and act nontrivially on u, and r„{u) ^ 
rr{u)^ then rfj{u) and rr{u) have smaller formal lengths than that of u. So there are two 
cases according to the relative places of and Wr in u. 

Case 1. Wt and Wr overlap in u. u=xu\ui^u^yl for x,y E A and Wa- = Wr = 

rr(r^(r^(u))) = + xf^u^yl)) = rr{xui^ulu\yl + 

xui,ff,yl + xf^u^yl) = xu^ul^ulyl + xfrulyl + xui^fi^yl + xf^u^yl and r^(r^(r^(M))) = 
r„{r^{xuiuiui^yl + xuifryl)) = r„{xu’^uiul^yl + xf^ul^yl + xuifryl) = xu'^u{^uiyl + 
xuifryl+xf^ui^yl+xu^J^yl. rr{r^{r^{u)))-r^{r^{rr{u))) = a;([[M*, <] + [[m^^, u^], u*] 

+ [[utu%uiJ)yl. 

Case 2 . Wo- and Wr are disjoint in u. Then u = xW^yyWrZl where x,y, z G A. It is 
clear that r^{rr{u)) = rr{r„{u)). Suppose rirT-(M), r2rarr{u), r^r^^u) and r^^Vrr^iu) are 
irreducible, where ri,r2,r3,r4 are compositions of some reductions. rirT-(M) — r^r^^u) = 
{riTr^u) — r2r„rr{u)) + {r2r„rr{u) — r4rrrfr{u)) + {r^rrr^^u) — rsr^^u)). We know that 
rfr{u),rr{u) and raTriu) = rrrfj{u) have smaller formal lengths than that of u, hence we 
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can use induction on formal lengths to get that rir,-('u) — r^ra{u) can be written as linear 
combinations of element in fIS.ip . 

In [12], we have the following lemma. 

Lemma 5.1. For a vertex algebra W, G hh and l,m,n & Z 

[[ui,Vm],Wn\ + [[Vm,Wn\,Ul] + [[Wn,Ul\,Vm\ 

{ViVijW UjViW " 1 “ 

Use above lemma, (Ea can be written as 

+ K, ui,]u'^)tyl, (5.2) 

where t G Z. Apply skew symmetry (12.Ih or commutator formula (12. 2 h to (I5.2p . we can 
get the following lemma. 

Lemma 5.2. The linear relations ofU-^^ can be written as the images under reduction of 
the following elements: 



x(ului,u -ui,ulu + ), 1 , 


(5.3) 


where x ^ A, t < —1. 

Now we compare (15.3p with (14.4p . we hnd that the kernel of the map from to U 
and an ideal of an non-degenerate case are similar. So we give the following dehnition. 

Definition 5.3. For a Ui-cohnite vertex algebra V, are its Ci-generators, 

and R{i,j,m) are their Ui-relations, if the Ci-relations are degenerate, then we call the 
following elements 

+ K, (5-4) 

as Ci-singular elements^ where 1 < i, j, k < I, s,m > 0. 

It is clear that there are only hnite many Ci-singular elements and they quite like 
singular elements in non-degenerate case. 

Now we study A{U), and know that A{U) is generated by ,o{u’‘), so we 

need hnd all the relations of o{u^), • • • , o(m^). We have the obvious relations coming from 
Ui-relations 

wt ( 

fc >0 ^ 

But there are some other relations caused by the failure of Jacobi identity. First we 
construct an admissible U-module like non-degenerate case. We use the same notation 
as last section(Proposition 14.3p . Similar to the results about U, we get linear relations in 
N- 

1 V 27*7'. 


[o(m*),o(m^)] = 
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Lemma 5.4. The linear relations of Ni^r can he written as the images under reduction 
of the following elements: 




(5.5) 


where x ^ A. 

Since reduction keeps the weight, we have the similar result for Noirr- 

Lemma 5.5. The linear relations of N^i^r can he written as the images under reduction 
of the following elements: 


x(ului,u )tl, 


(5.6) 


where x ^ A and the weight is 0. 

Lemma 5.6. Nq ~ A{U) as veetor spaces. 

Proof. From our construction of N, we can see that N is the biggest admissible 17-module 
with one generator. So Nq is the biggest y4(17)-module with one generator. Hence Nq ~ 
A{U) as vector spaces. □ 

Furthemore we get the following proposition. 

Proposition 5.7. A{U) is generated hy o{u^), ■ ■ ■ ,o{u’‘) with the relations 

[o(m*),o(m^)] = 

k>0 ^ ^ 


and 

where 0 < ui < ■ ■ ■ < Uh. 


— ti^ 


) 1 ), 


Proof. The hrst half part is obvious. From above lemma, we know that Nq is just the 
free H(17)-module with generator 1. So if we reduce elements in fl5.6p by the reduction 
system, we will get the result. □ 

By above proposition, we can see that for the degenerate universal vertex algebra U, 
the calculation of A{U) is similar to the calculation of A{V), where 17 is a quotient of a 
non-degenerate universal vertex algebra, if we treat the Ci-sigular elements like the usual 
singular elements. We use an example to explain the process. 

Example 5.8. We consider a vertex algebra which has three Ci-generators a, e", e““. 
Let wt a = 1 and wt e“ = wt e““ = 2. Their Ci-relations are given as follows: 


CXlCK = 41, 
aoe“ = 4e“, 
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aoe-“ = -4e-", 

e“e-“ = 1 , 


e“e-“ = a, 

„ a_ 2 l , «-!« 

Cl e = —-^--—, 


o -a “-3I I «-2a 
Cne = —^-^-r-h 


a-iO-ia 


6 




other relations which we do not list are all 0. Hence by Theorem 12.101 we get a nniversal 
vertex algebra V. By direct calcnlations, we hnd all Ci-singnlar vectors as following: 


e^ege " — Cge“e “ —[e",eo]e " = 10(a_ie“ — e“ 2 l), 
e^"eo “e" - Cg - [e^", Cg "]e“ = -10(e:“l + a_ie-“). 

Hence V is degenerate. Let J = e" 2 l — a_ie" and L = el^l + a_ie“". By direct 
calcnlations, we have the following: 


0!qJ 
C^ri J 

eU 

e-^J 

e“J 

eg-“J 

e“e“J 

p ^j 

Cg Cg J 

p-OLp-a J 
Cg Cg J 

aoL 

Oln^ 

e^L 

e-^L 

eo“L 

CqL 

p-Otp-Ct T 
Cg Cg Lj 

a. -a T 
egCg Iv 

p°‘p°‘r, 

Cg PqIj 


0 for n > 1 , 

0 for n > 1 , 

0 for n > 1 , 

4e“ie“, 

. -a a T , tt-2a-2l , 4a:_3a Q;_ia_iQ;. 

—4e_3e — Q:_4l H---1---Q:_2tt—icr H- - — 

2 6 b 

0 , 

20 J_ 3 l 5a_iJ_2l 14 q;_ 2J a_iQ:_iJ 

3 3 ^ 3 ^ 3 ’ 

20 L_ 3 l ^ 50a_iL_2l 80a_2L ^ 10 a_ia_iL 

3 ^ 3 3 ^ 3 ’ 

-4L, 

0 for n > 1 , 

0 for n > 1 , 

0 for n > 1 , 

4e:5*e-“, 


-4e“ie 

0 , 


-a I 1 I a-2a-2l 4Q:_3a; 

’ + q ;_41 H---1---h q:_ 2Q;—icr + 


a_ia 


u, 

20L_3l ^ 5 q:_iL_ 21 14a_2L 

Q + O Q 


3 3 3 ’ 

50a_iJ_2l 80a_2T 10a_ia_iJ 

3 ^ 3 3 ’ 


3 

20 J 3 l 


(5.7) 

(5.8) 


(5.9) 

(5.10) 
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By Proposition 13.41 A{y) is generated by o(a), o(e“), o(e ") which satisfy the relations 
caused by commutators: 


[o(a),o(e“)] = 4o(e“), 

[o(a),o(e"“)] = -4o(e"“), 

6 

and relations caused by (Pi-singular vectors (onlv (l5.7f 5.8115.911 5.101) are effective): 

o(e““)o(a) — 2o(e““), 


-4o(e“)o(e- 


o{e^)o{a) + 2o(e“), 
o(e“)o(e“), 

o{a) o(a)^ ^ o{a)^ ^ o{a)'^ 


6 


6 ’ 


o(c() o((y)^ o(c()^ ofcr)^ 

-4o(e-“)o(e“) + ^ - ^ ^ 

o(e-“)o(e-“). 

A{y) is an associative algebra with basis {1, o{a), o(e“), o(e“"), o(e“)o(e““), o(a)^, o(q;)^} 
and is semi-simple. The generators can be represented as matrices as following, 


o{a) 


o(e“) 


o e 


/O 0 0 0 0 \ 

0 2 0 0 0 

0 0 -2 0 0 

0 0 0 1 0 

\0 0 0 0 - 1 / 

/O 0 0 0 0\ 

0 0 10 0 
0 0 0 0 0 , 

0 0 0 0 0 

\0 0 0 0 0 / 

/O 0 0 0 0\ 

0 0 0 0 0 

0 1 0 0 0 . 

0 0 0 0 0 

\0 0 0 0 0 / 


Remark 5.9. This example is in fact the vertex operator algebra associated to one 
dimensional lattice Za, such that < a, a >= 4, whose structures are studied in [5] and 
[8], and its representations are studied in [3], where the author hnd their modules without 
using Zhu’s algebra. 
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Now we consider a quotient V oi U hy an ideal I, V = A/1. Usually / is generated 
by some singular elements a^, • • • ,a^ G U. The question becomes to find A{I), so like 
the non-degenerate case, we only need to find where I < ii, ■'' Ar ^ I, 

0 < Hi <■■■< Ur and I < j < k. In fact we can put all the Ci-singular and singular 
vectors together, and treat them equally and use the same procedure as last two examples 
to find the relations of o(m*). 
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